Abstract. We prove the local and global invertibility of Sobolev solutions of certain di¤erential inclusions which prevent the di¤erential matrix from having negative eigenvalues. Our results are new even for quasiregular mappings in two dimensions.
Introduction
We study di¤erential inclusions under which a Sobolev mapping f A W 1; p loc ðW; R n Þ is invertible, at least locally. Here W H R n is a connected open set, n f 2. A di¤erential inclusion means that the di¤erential matrix Df , which exists a.e., must be an element of a certain subset of n Â n matrices. Specifically, we consider the sets M n ðdÞ ¼ fA A R nÂn : hAx; xi f djAxj jxj for all x A R n g
where À1 e d e 1. Note that M n ðd 1 Þ H M n ðd 2 Þ if d 1 > d 2 , and M n ðÀ1Þ consists of all n Â n matrices. When d e 0, the di¤erential inclusion Df A M n ðdÞ admits noninvertible solutions such as orthogonal projections. For this reason we introduce a subset of M n ðdÞ which contains matrices with distortion at most K, 1 e K < y:
M n ðd; KÞ ¼ fA A M n ðdÞ : kAk n e K det Ag:
Here and in what follows kAk is the operator norm of matrix A with respect to the Euclidean vector norm, which is denoted by j Á j.
Theorem 1. Let f A W
1; n loc ðW; R n Þ be a nonconstant mapping. If there exist d > À1 and K < y such that the di¤erential matrix Df ðxÞ belongs to M n ðd; KÞ for almost every x A W, then f is a local homeomorphism. It is a global homeomorphism if W ¼ R n .
Theorem 1 is a special case of more general results stated as Theorems 4 and 5 in which the assumption of quasiregularity is relaxed. We say that f A W 1; n loc ðW; R n Þ is a mapping of finite distortion if det Df ðxÞ f 0 a.e. and the matrix Df vanishes a.e. in the zero set of det Df . With such mappings we associate two distortion functions, outer and inner: 
1;
Jðx; f Þ ¼ 0:
Here D K f stands for the cofactor matrix of Df and Jðx; f Þ ¼ det Df ðxÞ. A standard reference for mappings of finite distortion is the monograph by Iwaniec and Martin [11] . When ess sup K O ðÁ; f Þ ¼ K < y, i.e., f has bounded distortion, we recover the class of K-quasiregular mappings. To complete the introduction let us face up our results to the existing ones. It is easy to see that A A M n ðdÞ for some d > À1 if and only if A does not have negative eigenvalues; that is, SpecðAÞ X ðÀy; 0Þ ¼ j. Injectivity of pointwise di¤erentiable mappings under similar spectral conditions has been studied recently, e.g., in [5] , [29] and references therein. In [5] it is proved that if f is di¤erentiable everywhere and Spec À Df ðxÞ Á X ðÀe; 0 ¼ j for some e > 0 independent of x, then f is injective. Under these assumptions f is already known to be a local homeomorphism. In contrast, we consider weakly di¤erentiable mappings, not excluding the possibility Df ¼ 0. For us, proving that f is a local homeomorphism is the main part of the argument. It does not involve pointwise di¤erentiability which may fail to hold. The invertibility of Sobolev mappings was also studied in [2] in connection with boundary value problems of nonlinear elastostatics.
Quasiregular mappings in dimensions n f 3 are known to be locally invertible if the distortion K is su‰ciently small [6] , [23] . A quantitative version of this result was recently proved by Rajala [25] . It is a long-standing open problem whether K I < 2 is enough to ensure local invertibility of a nonconstant mapping f [23] . Another way to obtain injectivity is to impose a stronger regularity requirement on f . Heinonen and Kilpeläinen [7] proved that any mapping f A W 
is a local homeomorphism.
Finally, the injectivity of planar quasiregular mappings under certain boundary conditions was established in [20] , [3] and already found applications in the theory of di¤eren-tial inclusions [4] .
Preliminaries
We collect the basic properties of discrete and open mappings which can be found in [28] , §I.4.
Let W be a domain in R n and let f : W ! R n be a continuous mapping. We say that f is discrete if the preimage of every point y A f ðWÞ is a discrete set. 
In this case we write iðx; f Þ ¼ m À f ðxÞ; f ; G Á for the topological index of f at x. The branch set B f consists of all points in W at every neighborhood of which f is not a homeomorphism. Thus, B f is relatively closed in W. Outside the branch set either iðx; f Þ 1 1 or iðx; f Þ 1 À1. In the first case f is sense-preserving. For E H W we write
If f is a discrete and open mapping and E T W, then Nð f ; EÞ < y. Also, Nð f ; GÞ ¼ jiðx; f Þj if G is a normal neighborhood of x. The open ball with radius r centered at a will be denoted by Bða; rÞ.
On several occasions we will use the following result about limits of local homeomorphisms. Although it is likely to be known, we could not find it explicitly stated in the literature. We give a proof that was communicated to us by Jussi Väisälä [30] .
n be a sequence of homeomorphisms (or local homeomorphisms) which converges locally uniformly to a discrete and open mapping f . Then f is a homeomorphism (local homeomorphism, respectively).
Proof. First we consider the case of local homeomorphisms. For this we fix x 0 A W and let y 0 ¼ f ðx 0 Þ, y j ¼ f j ðx 0 Þ. We will prove that there is a neighborhood of x 0 in which f j is injective for all j. Let Uðx 0 ; f ; rÞ be the connected component of f À1 À Bðy 0 ; rÞ Á containing x 0 . We choose r su‰ciently small so that U ¼ Uðx 0 ; f ; rÞ is a normal neighborhood of x 0 [28] , Lemma I.4.9. We may assume that j f j ðxÞ À f ðxÞj < r=3 for all x A U and for every j.
Á containing x 0 . For x A qU we have j f j ðxÞ À y 0 j > 2r=3, therefore f j ðqUÞ X qBðy 0 ; 2r=3Þ ¼ j and thus Q j H U. By [23] , Lemma 2.2, f j maps Q j homeomorphically onto Bðy 0 ; 2r=3Þ. As f ðU 1 Þ ¼ Bðy 0 ; r=3Þ, we have f j ðU 1 Þ H Bðy 0 ; 2r=3Þ, which implies U 1 H Q j . Hence the restriction of f j to U 1 is injective for all j.
Using the homotopy invariance of the topological degree [28] , Proposition I.4.4, we obtain
for all j. Therefore, f is a local homeomorphism at x 0 , [28] , Proposition I.4.10. Á ; this is a connected set because f j is a homeomorphism. The above argument shows that Q j H U and Q j H U 0 . This is a contradiction because U and U 0 are disjoint. r
The following su‰cient condition for a local homeomorphism to be injective is due to John [13] , p. 87, see also [24] . Theorem 8. Suppose that f : R n ! R n is a local homeomorphism and there exists e > 0 such that
Then f is a homeomorphism onto R n .
Distortion estimates
The following extension of the fundamental Reshetnyak's theorem [27] is due to Iwaniec and Š verák [12] in the planar case, and to Manfredi and Villamor [22] in higher dimensions.
Then f is either constant or both discrete and open.
For our applications of Theorem 9 we need to estimate the distortion functions of f l ðxÞ :¼ f ðxÞ þ lx, l > 0. This task is of purely algebraic nature. Namely, for an n Â n matrix A with det A > 0 we write
where s 1 ðAÞ f Á Á Á f s n ðAÞ are the singular values of A arranged in the nonincreasing order. Note that (2) is consistent with (1), see [11] , §6.4. We write a5b for the minimum of a and b. 
Proof. If 0 < d < 1, then M n ðdÞ H M n ð0Þ. Thus we lose no generality in assuming d A ðÀ1; 0. In this case d50 ¼ d. Observe that if two vectors u; v A R n satisfy hu; vi f djuj jvj, then the reverse triangle inequality holds:
Indeed, we have
which yields (5) upon completing the square in two di¤erent ways. 
This implies (3) by virtue of (2). Finally (4) follows from the left-hand side of (6). r Remark 11. Under the assumptions of Lemma 10 we have det A l > 0. Indeed, det A l 3 0 by (4). Since l Àn det A l ! 1 as l ! y, the continuity of l 7 ! det A l yields det A l > 0.
Proofs of Theorems 1, 4, 5 and 6
If a smooth invertible mapping f has ðDf Þ À1 A L y , then its inverse f À1 is Lipschitz. We prove a similar estimate without assuming injectivity or smoothness of f . 
Then for every a A W we have lim inf
Proof. Since f is discrete and open it is either sense-preserving or sense-reversing [28] , p. 18. We may assume that f is sense-preserving. Since f À1 does not exist in general we will work with a substitute mapping g U defined in (13) below. To prove that g U is Lipschitz we will use [17] , Theorem 2.1, which requires the following:
(i) Condition ðNÞ: f preserves sets of measure zero.
(ii) Condition ðN À1 Þ: f À1 ðEÞ has measure zero whenever E does.
(iii) The branch set B f has measure zero.
First we observe that the inner distortion of f is locally integrable because
By [21] , Theorem A, the mapping f satisfies condition ðNÞ. The validity of ðN À1 Þ follows from [16] , Theorem 1.2. By virtue of (9), JðÁ; f Þ > 0 a.e., which implies (iii) because Df cannot be invertible at branch points [28] , Lemma I.4.11.
Let U be a normal neighborhood of a A W. For a su‰ciently small r > 0 we choose u A C y 0 ðWÞ such that u f 0; uðaÞ ¼ 0; u f 1 on UnBða; rÞ; j'uðxÞj e 2 r for all x A W: ð12Þ
Then we define
f ÞuðxÞ ð13Þ
for y A f ðUÞ. We claim that j'g U j is bounded a.e. in f ðUÞ. 
Jensen's inequality yields
Combining this with (14) and summing over i we obtain This completes the proof. r
In the proof of the following lemma we use an idea of Kirchheim and Székelyhidi [15] . Let us normalize f so that f ð0Þ ¼ 0. It su‰ces to prove that for all l > 0 the mapping f l is a homeomorphism in some neighborhood of 0. Suppose to the contrary that the set
Since f l is sense-preserving, we have ið0; f l Þ f 2 whenever l A S. Recall that the topological index is upper semicontinuous; that is, iðx; gÞ f lim sup n!y iðx; g n Þ ð15Þ
provided g n ! g locally uniformly, and g n and g are discrete and open. The upper semicontinuity implies that S is closed in the topology of R. Since
locally uniformly, it follows that 0 B B f l for all su‰ciently large l. Therefore S is a bounded set. Let L ¼ sup S and note that L A S since S is closed. It follows from (4) that
2 q a.e. in W. Applying Lemma 12 to f L we obtain lim inf
, the homotopy invariance of topological degree yields
On the other hand, ið0; f l Þ ¼ 1 since l > sup S. This contradiction completes the proof. r Proof of Theorem 4. By Lemma 13, f l is a local homeomorphism for all l > 0. Also f is discrete and open by Theorem 9. Applying Proposition 7 we conclude that f is a local homeomorphism. r Proof of Theorem 5. As in the proof of Theorem 4 we have that f l is a local homeomorphism for all l > 0. It follows from (4) that
2 q a.e. in R n . Now Lemma 12 yields lim inf
for all a A R n . By Theorem 8, f l is a homeomorphism. Since f is discrete and open by Theorem 9 we can apply Proposition 7 and conclude that f is a homeomorphism. r Theorem 1 is an immediate consequence of Theorems 4 and 5.
Proof of Theorem 6. We will apply Theorems 4 or 5 to f l ðxÞ ¼ f ðxÞ þ lx for l > 0. In order to do so we must show that f l is a mapping of finite distortion with su‰cient degree of integrability of K O ðÁ; f Þ. First, JðÁ; f l Þ > 0 a.e. by Remark 11. Second, from (4) and (2) we obtain
a.e. in W. Therefore
, where p ¼ 2 if n ¼ 2 and p > n À 1 if n f 3. It remains to apply Theorems 4 or 5 and pass to the limit l ! 0 using Proposition 7. r
We conclude this section with two remarks concerning integration of di¤erential inclusions.
Remark 14. The case d f 0 of Theorem 6 only requires p ¼ 1. Indeed, integrating Df along a.e. line segment and using the assumption Df A M n ðdÞ we find that h f ðaÞ À f ðbÞ; a À bi f dj f ðaÞ À f ðbÞj ja À bj ð19Þ whenever the line segment ½a; b is contained in W. The inequality is true for all such line segments since f is continuous. For any l > 0, f l is a local homeomorphism because h f l ðaÞ À f l ðbÞ; a À bi f lja À bj 2 provided that ½a; b H W. Passing to the limit l ! 0 and using Proposition 7 we conclude that f is a local homeomorphism (global homeomorphism if W is convex).
Remark 15. When À1 < d < 0, the di¤erential inclusion Df A M n ðdÞ cannot be integrated to yield (19) . A counterexample is given by the complex function f ðzÞ ¼ z 5=2 defined in the right half-plane W ¼ fz A C : Re z > 0g. Indeed, for 2p=5 < y < p=2 the vectors f ðe iy Þ À f ðe Àiy Þ and e iy À e Àiy point in exactly opposite directions. This mapping also fails to be injective, which shows that the global injectivity part of Theorems 1, 5 and 6 is not true for general convex domains.
Planar case: proof of Corollary 2
In the planar case n ¼ 2 the quasiregularity assumption can be expressed in terms of the complex derivatives f z and f z as follows. A mapping f A W 1; 2 loc ðW; CÞ is K-quasiregular if and only if j f z j e kj f z j a.e. in W, where K ¼ ð1 þ kÞ=ð1 À kÞ. We also need to translate the condition Df A M 2 ðdÞ in the language of complex numbers.
Lemma 16. Let f : W ! C be a mapping, and fix d A ðÀ1; 1Þ. At each point of di¤er-entiability of f the following three conditions are equivalent:
(ii) jarg f z j þ arcsinj f z =f z j e arccos d.
that is, we set f ðzÞ ¼ f ðzÞ if z A Q 4 . For z in the interior of Q 4 we have f z ðzÞ ¼ f z ðzÞ and therefore (27) holds again.
Finally we extend f to the left half-plane as an even function; that is, f ðzÞ ¼ f ðÀzÞ. It is easy to see that f is quasiregular in C and (27) is satisfied everywhere in C, except for the coordinate axes.
Case 2. 1=
ffiffi ffi 2 p < k < 1. Following [10] , Example 5.1, we introduce the parameters e; d A ð0; 1Þ so that
For Im z f 0 we define f ðzÞ by the formula
ði À eÞz À iz; if Re z e Àd Im z;
and then extend it to the lower half-plane by reflection f ðzÞ ¼ f ðzÞ. In [10] it is proved that j f z j e kj f z j and Re f z f ÀejIm f z j a:e: in C:
It remains to show that (26) holds. If Re f z f 0 there is nothing to prove. Otherwise we have jRe f z j e ejIm f z j which implies
This proves (26) . r Example 18. Let W be the unit ball Bð0; 1Þ H R n , n f 2. For any d A ðÀ1; 0Þ there exists a Lipschitz mapping f :
for all q < n À 1 and Df A M n ðdÞ a.e. but f is not a local homeomorphism.
Fix d A ðÀ1; 0Þ and set e ¼ Àd. Following [2] , define f : W ! R n by the rule f ðxÞ ¼ À x 1 ; x 2 ; . . . ; x nÀ1 ; esðxÞx n Á where sðxÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
q . The construction of [2] , Example 1, shows that f is Lipschitz and Jðx; f Þ > 0 for almost every x A W. So f is a mapping of finite distortion and a direct computation shows that
On the other hand, f ðxÞ ¼ 0 whenever sðxÞ ¼ 0, which implies that f is not a local homeomorphism. esðxÞ if j ¼ n:
Let x A R n be a unit vector. We must prove that hAx; xi f ÀejAxj: ð29Þ
Here Ax ¼ ðx 1 ; . . . ; x nÀ1 ; tÞ; t ¼ a n1 x 1 þ Á Á Á þ a n nÀ1 x nÀ1 þ a nn x n :
If tx n f 0, then hAx; xi f 0 and we are done. Suppose tx n < 0. Since a nn f 0, it follows that
Àtx n e jx n j ja n1 x 1 þ Á Á Á þ a n nÀ1 x nÀ1 j e jx n j P Dividing by jx n j we obtain jtj e ejx n jsðxÞ e esðxÞ: Therefore, hAx; xi ¼ sðxÞ 2 þ tx n f ÀesðxÞjx n j f ÀesðxÞ:
Since jAxj f sðxÞ, inequality (29) follows. r
Concluding remarks
Theorems 4, 5 and 6 could be strengthened if the well-known Iwaniec-Martin-Š verák conjecture is true. 
